TRUDINGER-MOSER INEQUALITY ON THE WHOLE PLANE 
WITH THE EXACT GROWTH CONDITION 
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o . 

. Abstract. Trudinger-Moser inequality is a substitute to the (forbidden) critical 

Sobolev embedding, namely the case where the scaling corresponds to L°° . It is 
well known that the original form of the inequality with the sharp exponent (proved 
by Moser) fails on the whole plane, but a few modified versions are available. We 
OO . prove a precised version of the latter, giving necessary and sufficient conditions for 

the boundedness, as well as for the compactness, in terms of the growth and decay 
p ^ . of the nonlinear function. It is tightly related to the ground state of the nonlinear 

I Schrodinger equation (or the nonlinear Klein-Gordon equation), for which the 

• I range of the time phase (or the mass constant) as well as the energy is given by 

' the best constant of the inequality. 



1. Introduction 
> ' 

^ ■ There are several extentions of the critical Sobolev embedding 

H\W^) ^ L'^'^/^'^~^\W^) (1.1) 



O 



from (i > 3 to (i = 2, where the simple limit estimate fails 

H^{W?) (^L'^{M^). (1.2) 



One way is to replace the right hand side by BMO, Besov, Triebel-Lizorkin or 
Morrey-Companato spaces of the same type (scaling). These are all taking account of 
^ ' possible oscillations of the functions in H^iM."^). If one is interested more in possible 

■ growth, another substitute is given by the Trudinger-Moser inequality 



Proposition 1.1. For any open set C with bounded measure \Q\ < oo, there 
exists a constant k,{Q) > such that 

u G Hl{n), \\Vu\\L2(n) <l ^ [ fe^"''''' -l) dx < fi:(fi). (1.3) 

Moreover, this fails if An is replaced with any a > 4tt. The constant k,{Q) is bounded 
by but in general unbounded as \Q\ — )■ oo. 

The goal of this paper is to give a precised version of this inequality in the whole 
space M^, with necessary and sufficient conditions in terms of the growth of general 
nonlinear functionals (not only for e"'"' — 1). Before stating our result, let us first 
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recall the following two versions of the Trudinger-Moser inequality on M^. The first 
one is for smaller exponents. 

Proposition 1.2. For any a < in, there exists a constant > exists such that 
u e H'im'), ||Vn|U2(K2) < 1 ^ (^e-^H^ _ij dx < cMhiR^y (l-^) 

Moreover, this fails if a is replaced with An. 

One can normalize to ||'u||l2 = 1 by scaling. This version was proved in [8], using 
the symmetric decreasing rearrangement as Moser did [29]. The necessity a < An 
was proved in [1], also using Moser's example. 

The second one is to strengthen the condition on ||Vm||l2(k2) to the whole H^{M.'^) 
norm. Then the value a = An becomes admissibe. 

Proposition 1.3. There exists a constant k, > such that 

u E H\R^), \\u\\hi(k'2) <l ^ [ (e^'^H' A dx < k. (1.5) 

Moreover, this fails if An is replaced with any a > An. 

This version was proved in [32], again by Moser's argument, while the failure for 
a > 47r is clear from the sharpness in the previous two propositions. 

In short, the failure of the original Trudinger-Moser (11.31) on can be recovered 
either by weakening the exponent a = Ivr or by strengthening the norm ||Vm||l2. 
It is worth noting, however, that proving these two estimates on is considerably 
easier than the critical case An on Q, which suggests that there is some room of 
improvement, even though they are "sharp" in their formulations. 

Then a natural question arises. 

What if we keep both the conditions a = An and ||Vm 11^2(1^2-) <1? (1-6) 
Our answer to this question is to weaken the exponential nonlinearity as follows: 
Proposition 1.4. There exists a constant c > such that 

Moreover, this fails if the power 2 in the denominator is replaced with any p < 2. 

Obviously this implies Proposition 11.21 It is less obvious that it also implies 
Proposition II. 3[ but indeed by Holder only; see Section [61 Hence Proposition 11.41 
can be regarded as a unified improvement of those two previous versions, while it 
can be easily deduced from the part (B) of our full Theorem 11.51 below, by taking 

2nK=l, 9{u)= \^^^ J . (1.8) 
(1 + |m|)^ 

The following theorem completely determines the growth order, not only among 
exponentials and power functionals, but for general functions, in terms of necessary 
and sufficient conditions, both for the boundedness and for the compactness. 



ueH\R^), \\Vu\\l2(r2)<1 ^ I ^_^-^c/x<c||M||i2(K2). (1.7) 
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Theorem 1.5. For any Borel function 5^ : M — [0, 00), define the functional G by 

G{v) = [ g{^{x))dx. (1.9) 

Then for any K > we have the following (B) and (C) . 

(B) Boundedness: The following (1) and (2) are equivalent. 

(1) lim|„|_>oo e"^'"'^''^ \u\'^g{u) < 00 and lim„^o |w|^^5'(m) < 00. 

(2) There exists a constant Cg^x > such that 

if e H\R'), ||V¥.||i.(^.) < 2nK =^ Giif) < Cg,KMl,. (1-10) 
Moreover, if (1) fails then there exists a sequene (fn G H^(R^) satisfying 

||Vv3n||i2 < 27rir, llv^nlU^-^O, G{ipn) ^ 00 (n->oo). (1.11) 

(C) Compactness: The following (3) and (4) are equivalent. 

(3) limi^i^oo e"^'"'^/'^ \u\'^g{u) = and lim„_^o W\~'^g{u) = 0. 

(4) For any sequence of radial ipn € H^lM."^) satisfying ||V(/?n||/,2 < 2ttK and 
weakly converging to some ip G if^(]R^), we have G{(pn) — >■ G{(p). 

Moreover, if (3) fails then there exists a sequence of radial (pn G H^{E?) satisfying 
||Vv9n||^2 < ItiK , converging to weakly in , and G{(pn) > S for some 6 > 0. 

Remark 1. 1) This theorem shows that the true threshold for the Trudinger- 
Moser inequahty in the whole space under the condition || Vv5||l2(k2) < 1 is given by 
the functional in fll.71) . and concentration of compactness happens only for it. 

2) As we will see in the proof, the concentration sequence constructed in (3) is 
very different from those in the higher dimensional case — it must contain nontrivial 
tail going to the spatial infinity which is the main contribution to L^, even though 
the main contribution to G is the concentrating part. This is also different from the 
concentration in the original Trudinger-Moser inequality (11. 3p (see |25j). 

3) In the Orlicz space corresponding to g{u) ~ e°'"' , [4J gives a more precise 
description of concentration compactness, in terms of the profile decomposition. 
However, the above phonomena for do not seem to be observable 
in a linear setting such as in the Orlicz space. 

In Section [21 we prove the necessity of (1) and (3) in Theorem 1 1.5 1 by constructing 
sequences ipn obtained from rescaling of Moser's example. In Section [31 we study 
the optimal growth of a function in the exterior of the ball when the and 
norm are given. This is used in proving the sufficiency or the main part of Theorem 
11.51 in Section [H 



2. Proof of the necessity of (1) and (3): Moser's example 

First we consider the much easier case with the condition as \u\ — > 0. Let (fn{x) 
be a sequence of radial functions in if^(]R^) defined by 

{\x\ < Rn), 

<fn{x)={a„{l-\x\+Rn) {Rn < \x\ < Rn + 1) (2.1) 

(|X| > Rn + l) 
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for some sequences a„ — )■ and i?„ — )■ oo chosen later. We have 

\\ipn\\l2 - alRl WVifinWh - alRn, G{ipn) > 7iRlg{an). (2.2) 

If (1) is violated by lim|„|^o \'U'\~'^g{u) = oo, then we can find a sequence a„ \ 
such that g{an) > "n-lanP- Let Rn — an^^"^ + a~^n~^/'^. Then Rn — >■ oo, anRn — >■ 
and G{ipn) > "^a^Rn cxd. 

If (3) is violated by lim|„|^o |'i*|~^fl'('i*) > 0, then we can find a sequence a„ \ 
and 5 > such that g'(a„) > 5|a„p. Let i?„ = l/on- Then i?„ — >■ oo, a„i?„ = 1, 
a^i?„ ^ and G(v9„) > SalRl > S. 

It remains to treat the case where the condition for — > oo fails. First, we recall 
the following fundamental example of Moser: Let fa be defined by: 



where a > 0. One can also write fa as 








if 


< 


log |a;| 


if 




\/2a7r 




roT 
V 27r 


if 



where 




\A > i> 

e~" < \x\ < 1, 
\x\ < e"", 

log |x| 



a 



(2.3) 



if 
if 
if 



t < 0, 
< t < 1, 
t > 1. 



|e and 



Straightforward computations show that ||/a||i2(]R2) = 4^(1 — e ^") 
||V/q,||l2(ir2) = 1. 

In order to fit this example in our estimate on M^, we need to make sure that the 
norm does not go to zero. This requires a rescaling of Moser's example. Choose 
sequences 1 <^ bk 00 and K such that 

c, := e-^''^/^^ hlg{h) ^ lEK g-^l"!'/-^ \u\^g{u), 



(2.4) 



and let R^ — e ^ll^^^ "y^g define a radial function ipkir) G H^{E?) by 

6fc (r < itijfc) 



fc.^ (i?.<r<l) 



(2.5) 







Then we have 



Iiv^fc||i2 



27r6t 



11^, 



|l0gi?jt| 
2 \ „ IT^2 



Rk r\\og Rk 
2 



(r>l) 
2T:Kk < 27rK, 



^^^^ G(^.) > 2nRlg{bk) - ^^'^ 



(2.6) 



and so G(V'ifc)||V'ifc|lL2 > Cfe/X . 
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Now let ifk = 'ipkix/Sk), where we choose Sk = bk if (3) fails (i.e. if Ck > 0), and 
Sk = o{bk) such that S^Ck/bl — )■ oo if (1) fails (i.e. if Ck = oo). In both cases (pk is 
bounded in and satisfies 

W'^^kWh = l|V^fc||i2 = 2TTKk < 2ttK, 

Moreover, ipk{x) — )■ for every x ^ 0, because |v5fc(a^)| ^ £^ if l^^l > S'^e"'^''* = o(l) 
for any e > 0. This ends the proof for the necessity of (1) and (3). 

3. Radial Trudinger-Moser and optimal descending 

In this section, we prove the following theorem that will be used in the proof of 
point (2) of the main theorem 11.51 This can be regarded as the exponential version 
of the radial Sobolev inequality. 



Theorem 3.1. There exists a constant C > such that for any radial (p G , 

\\y^\\W\>K) < =^ -^^^ < C\W/R\\l.,^,,^y (3.1) 

The function e'^'^ /'/'is optimal in the above estimate. More precisely, we have 
Theorem 3.2. Let 

fi{h) := inf{||(/?||i2(|^|>i) | if G H^, = h, ||</?r||i2(|^.|>i) < 27r}, (3.2) 

for h > 1. Then we have fi{h) e^^ /h for h > 1. 

Obviously, the first theorem follows from the second one, by rescaling. To prove 
the latter, we consider the descrete version: 

fj,d{h) := inf{||a||(e) | ||a||i = h, \\a\\2 < 1}. (3.3) 
for /i > 1, where the norms on any sequence a = (a„),^o are defined by 

oo oo 

ll«ll^ = El«"l'' ll«ll(e) = E^'"«- (3-4) 
n=0 n=0 

Lemma 3.3. We have n{h) ~ /id(/i) for h > 1. 

Proof, fid is naturally obtained by optimizing the energy for given values on the 
lattice. For fi{h), it suffices to consider radial cp G satisfying v^r < < y?. 

Let hk = v^(e'^) and ak = hk — hk+i for = 0, 1, 2 . . . . We can optimize the energy 
on each interval [e'^, e'^"'"^] by replacing ip with 

ilj{r) = ak\\og{e-^-^r)\ + hk+i (e^ < r < e'^+i). (3.5) 

Then we have V'(l) = = V^(l) = h and 

iljrirfrdr = al = {^{e'') - ^{e''+^)f < / ^rirfrdr, (3.6) 
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where the last inequahty follows from Schwarz. For the norm we have 



°° poo 

W>i) <Y.^W^ \W\\W>i)^ (3.7) 

fc=o 



where is estimated by using the energy as follows. For 1 < r < e^^^ we have 



^1 / /.el/4 ^ 

which implies ip{r) > ho/ 2 since ho = h > 1, and so 

hl<l^' \^\'rdr< Ml.. (3.9) 

Hence for fi{h) it suffices to consider such ip. Moreover we have 

Il«ll2 < Il^r||i2(|,|>i)/(27r) < 1, \\a\\i = ho = h, (3.10) 

and 

(3.11) 

= ^afea/ ^ e^^ ~ ^a^a^e^'' ~ ||a||(g), 

A;,Z j<mm(k,l) k<l 

where < for the last equivalence follows from Young on Z. □ 



Now, Theorem I3.2[ and hence Theorem 13. H follow from 
Lemma 3.4. For h > 1 we have 

Uh) - ^. (3-12) 

This is essentially achieved by constant sequences of finite length, corresponding 
to the Moser's function in the continuous version. The (e) norm determines the fall- 
off or the length of the sequence, and then optimization of the embedding C C,^ 
on the finite length forces it to be a constant. 

Proof. Since Hdih) is increasing in h, it suffices to show fid{\/n) ~ e"' / y/n for all 
integer n. < is easily seen by choosing a = (1, . . . , 1)/ y/n, so we consider >. Suppose 
by contradiction that for some e <^ 1, n ^ 1 and sequence a we have 

||«||2 < 1, ||a||i = y/n, ||a||L < . (3.13) 

From the last condition we get 

n<j ^ \aj\<^e^-^, (3.14) 



and so letting a'j = aj for j < n and a'j = for j > n, we get 



Ce 

la'lli > ||a||i-El^jl - v^~:7^- (3.15) 



j>n 
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Then by the support of a' we have 



n- Ce < \\a'\\\ = n\\a'\\l - ^ (aj - akf/2 < n - ^ {aj - 0^)^/2 
hence 



(3.16) 

j,k<n j,k<n 



j,k<n 

Choose m < n so that minj<„ \aj\ = \am\- Then we get from the above estimate 

||a'||i - n\ara\ < \\aj - am\\£i(j<n) < Vn\\aj - am||^2(j<n) < V^e. (3.18) 

Combining it with f l3.15p . we get 

\am\>Vn/n = l/^/n, (3.19) 

provided that e > is small enough. Since |a„| > \am\, we obtain ||a||(e) > e"" / y/n, 
which yields a contradiction. Hence, we deduce that fid{hy ~ e^^^ /h? . □ 

4. Proof of (2) and (4) of Theorem 11.51 
Proof. To prove (2) of the theorem II. 5[ it suffices to show that 

G{ip) = [ min(|y,|2, |y,|-2) e^l^l^ dx < (4.1) 

for all non-negative, radially decreasing ip G H'^{M.'^) satisfying ||Vv2||^2 = 27r. 
Here we took K = 1. Fix such a radial function (p{x) = ip{r) and let g{s) = 
min(|sp, |s|~^) e^l''l^ 

Choose Rq > such that || Vv9||^2(j,>/j,j) = "^nKo, where Kq = k & (2/3,1) is a 
constant which will be determined later. The region r > Rqis subcritical and easily 
estimated. Indeed, if ^p{r) < 2 for all r > Rq, then (14. ip in the region {r > Rq} 
follows from g{ip) < for \ip\ < 2. If not, we choose R > Rq so that (p{R) = 1. 
For Rq < r < Rwe have by Schwarz 

ip{r) - 1 = / \^r\dr < ^KQ\og{R/r). (4.2) 

J r 

Let K' = {1 + Kq)/2. Then 

firl ^ Mr) - I? ^ ^_ ^ ^ ^ 3) 

K' - Kq K' -Kq- ' ' 1-Kq' ^ ' 

and so 

i-R i-R i-R 

/ e'^^'-'^\dr< / {R/rf^'rdr <R^ - (Rq)^ < / \ip{r)\^rdr (4.4) 

J Ro J Ra Jro 

where we have used that if{r) > 1 in the region Rq < r < R. Now, since g{(f{r)) < 
|v2(r)p for r > R, we thus obtain that 



oo 



g{(p{r))rdr < / |v^('")| rdr (4-5) 
R Jr 
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and hence 

/ g{^{x))dx< I \^{x)\^dx = 27iMo. (4.6) 

^|a;|>Ho J\x\>Ro 

Now we proceed to the main part r < Rq. Let 



"Rj-i 

Rj = RQe~^, hj = {p{Rj), ttj = \l I \ipr\'^rdr, 



Kj = / \Lpr\ rdr, Mq = \lp\ rdr. 

iRo 



oo 

2„ 



(4.7) 



Rl < M,/Kl ~ Mo. (4. 



Then Theorem 13.11 gives 

By the monotone convergence theorem, we may assume that is constant on |a;| < 
Rn for some G N. Then it suffices to show that 

E y ^? ^ ^0. (4.9) 

j=0 

First we derive a bound for each j. By Schwarz inequahty, we have 

hj — hj-i = / \^r\dr < ttj, (4-10) 
Jr, 

and so, using that Kj = Kj_i + we get that 

,| < + a, f ^'^^K,- i^l^zl^ < ^ , , (4,11) 
Hence, 

< + 1. 



Now, we define Hj and by 

iJo = /^o, H^ = Hj_^ + aj, ^j = H]/Kj. (4.12) 

Then we have 

hj < H,, < + 1 < ^0 + J, (4. 13) 

which imphes that 

r^^ := e2^^/^^- i?| = e^^"^) i?^ (4.14) 

is monotone decreasing in j. This is not sufficient to sum over j, for which we have 
to sharpen the above estimate. 

The idea is to exploit the room given by the factor 1/Kj in the exponential to 
show that the sum (14. 9 p is essentially dominated by the first term rjQ. The possible 
growth of the denominator h"^ will not play any role for the summability and can be 
replaced by h^. 
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Let J = {1, . . . , A^} and define the sets A and B by 

A:={]eJ\ ajHj.i < Kj.i - Kj/3}, B := J \ A. (4.15) 

On the region A, the sequence rjj decays fast enough to be summed without using 
the factor l/Kj, while on B, the decrease of l/Kj is effective enough to supply the 
summability. 

Indeed, for j G A, we have by the same computation as in (14. lip . 

0< 0-1 + 8/9, (4.16) 

whereas for j E B we have 

^2 > ^ ^ > 1 .4 

For the sum over A we have 

#A 

E^.^E^"'^^o<r^o = e^'^o/^°i?^, (4.18) 
jeA k=l 

and so 

E —h^^" ^ ^^^0 < Mo. (4.19) 

To bound the sum over S, let a, a + 1, . . . , 6 be any maximal consecutive sequence 
in B. Then for any j G {a, . . . , 6} we have 

<ia+J-a, a]^^ > ——. , (4.20) 

for some fixed constant 6 > 0. Now let 

Cj:=Kj{^a+J -a)-j. (4.21) 

Then we have Hj — j < (j and 

- 0-1 = a%U+j -l-a) + K,-l>S + K-l. (4.22) 

Now we choose k sufficiently close to 1 so that the right hand side is bigger than 
6/2. Then we have 

E ^'""^ ^1 ^ E ^0 < E ^0 < e^^^ i?^ < r/. < Va-i, (4.23) 

j=a J=a A;=0 

and so 

E ^'^^ ^ ^0 + E ~ ^0' (4.24) 

which implies, together with f l4.19p . the desired estimate in (2). 

Finally we prove (4) from (2). By the radial Sobolev inequality we have, 

\vir)\^ ^ \ML4Vr\\L^/r, (4.25) 
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and hence, (/9„(r) — )> as r — )■ oo uniformly in n. Moreover, 

bn]S = dr^ndr (4.26) 

jRo 

converges as n — )■ oo for any < Rq < Ri < oo. Hence ipn{r) ip{r) at every 
r e (0, oo). By the radial Sobolev inequality and that g{ip) = odv^P) as 0, for 
any e > there is i? > independent of n such that 

/•oo /"OO 

/ g{ipn)rdr < / £:|v9„| Vc/r < £:||(y9„||^2. (4.27) 
Jr Jr 

By (2) and the fact that g{ip) = o{exp{2\ip\'^)\ip\~'^) as \lp\ — ?■ oo, there is L > 1 
indepedent of n such that 

/ gi^n)dx< eexp{2\ipn\'^)\ipn\~^dx <e\\ipn\\l2. (4.28) 
Now define g^ hj 

' \g{Lu/\u\) i\u\ > L) ■ ^'-''^ 

Then we have 

\^ \G{^n) - G{^)\ < e + \^ \g^{^n)-g^{v)\dx = e, (4.30) 

by the dominated convergence theorem. This ends the proof of (4). □ 

5. Elliptic equation 

Now we consider the existence of solutions for the nonlinear elliptic equation 

-AQ + cQ = /'(g), (5.1) 

for Q{x) : — )■ M, c > 0, and exponential nonlinearity /. The existence of the 
ground state, namely the positive radial solution, with the least energy among all 
solutions, has been studied by the ODE technique in [21 [T7] including supercritical 
nonlinearity, and by the variational technique in [5] for subcritical nonlinearity, and 
in [8] including the critical nonlinearity. 

Combining the above precised Trudinger-Moser inequality with the argument in 
], we deduce the following. Let D be the operator defined by Df{u) = uf'{u). 



Theorem 5.1. Assume that / : M — )■ R satisfies f{u) = o(m^) as m — )■ 0, {D — 2)f > 

> for some e > 0, and that there exists > such that for all > > 

lim D/(M)e-'^+l"l' = 0, lim /(M)e-'^-l"l' = oo, (5.2) 

and \mi\u\-^oo D f {u) I f {u) = 00. Then there exists c* G (0, 00] such that there is a 
positive radial solution for each c G (0,c*], which has the least energy among all 
the solutions. Moreover, c^, = Cf^^o (^) 0/ Theorem \1.5\ when it is finite, while 
= 00 zs equivalent to 

lim /(M)e"''''l''l' = 00. (5.3) 
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In addition, we have 

/to||Vge||i2 <47r, (5.4) 
where the equality holds if and only if c = c^. 

The subcritical nonlinearity is covered by taking = 0, while the supercritical 
nonlinearity such as those in [T71 Theorem 6] is also covered by taking > 0. 
Although it is not easy to fully compare the conditions in [21 [17] with our variational 
condition, there is certainly a new case, that is when 

/(u) > e"°l"lV|ti|', /'(u) = o(e'^«l"l') (l^il^oo). (5.5) 
Such nonlinearity has been investigated for the Dirichlet problem 

-Am = f'{u) in fi, u = on dVL (5.6) 

on a bounded domain including the threshold case f\u) = e^oH^ /u, see fl2]. The 
ground state for c = 1 was constructed in [S] under the conditions |/'(m)| < e^'"'" , 
{D — 2)f > ef and, for some p G (2, oo), 

Df(u)> %\f (^-] inf ^^P^. (5.7) 



It seems difficult to compare this and our condition 1 < Cf^^^. 

We omit a proof of the above theorem, for it was completely proved in [21] except 
for the necessary and sufficient condition for c=k = oo, but it was stated in the form 
(2) on Theorem 11.51 It is worth noting that the compactness (4) of Theorem 11.51 
does not seem useful for the above problem, but the compactness on a minimizing 
sequence comes from the superpower growth Df{u)/ f{u) — )• oo together with a 
variational constraint, see [H]. A related fact is that the best constants in fll.3p and 
in f ll.5p are not attained by any concentrating sequences, see [H [HI | 



6. From TM with the exact growth to TM with 

In this section we show how one can derive Proposition 11.31 from our inequality 
( II. 7p using Holder only. Let u G H^{^) satisfy ||Vm||l2 < 1. First observation is 
that by Taylor expansion of exp, there is a constant Co > such that 

VriGN, / (47r|Mp)"cix < Co(n+ l)!||u||i2, (6.1) 

hence there is a constant Ci > such that for any p > 1 

Ill^nU. <Cij9||w||^//, (6.2) 

which is extended to noninteger p by Holder. 

Next, if < 1 then for some 9 G (0, 1) we have 

\\u\\l2<e, \\Vu\\\2<l-e. (6.3) 
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If we can take 9 > 1/2, then (11.51) follows from (11.41) applied to \/2u with a = 27i. 
So we may assume that 6 < 1/2. Let A := {x G | |M(a:)| > 1}. Then by Holder 

i-e 



,47r|«|2/(l-e) 



-dx 



n|V(l-e)||V. , 

L~S~(A) 



HVii-0) 

where the first term on the right is bounded by (ll.7p 

4n\u\yil-e) II 112 n 



while the second term is bounded by (16. ip 



\u\ 



i-e 



1 - e 



1-9 

Putting them into (16. 4p . we obtain 



u 



A 



9 



-1 1- 



1 



1-9 



2B 
1-9 



L2 



1-9 



9 



1-29 



< 



1-9 



which is bounded for < 9 < 1/2. The estimate on \ A is trivial. 



(6.4) 



(6.5) 



(6.6) 



(6.7) 
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